Abstract. We study equivariant affine embeddings of homogeneous spaces and their equivariant automorphisms. We prove the solvability of any connected group of equivariant automorphisms for an affine embedding with a fixed point and finitely many orbits. This is applied to studying the orbital decomposition for algebraic monoids and canonical embeddings of quasiaffine homogeneous spaces, i.e., those affine embeddings associated with the coordinate algebras of homogeneous spaces, provided the latter algebras are finitely generated. We pay special attention to the canonical embeddings of quotient spaces of reductive groups modulo the unipotent radicals of parabolic subgroups. For these varieties, we describe the orbital decomposition, compute the modality of the group action, and find out which of them are smooth. We also describe minimal ambient modules for these canonical embeddings provided that the acting group is simply connected.
Introduction
Let G be a connected reductive algebraic group over an algebraically closed field k and H be a closed subgroup of G. It was proved by Y. Matsushima [Ma60] and A. L. Onishchik [On60] that the homogeneous space G/H is affine if and only if H is reductive. (For a simple proof, see [Lu73, §2] ; a characteristic-free proof is given in [Ri77] .) The subgroup H is said to be observable in G if the homogeneous space G/H is a quasi-affine variety. For a description of observable subgroups, see [Gr97] , [Su88] . In particular, any reductive subgroup is observable.
Let us recall that H is a Grosshans subgroup in G if H is observable and the algebra of regular functions k[G/H] is finitely generated. This class of subgroups was considered by F. D. Grosshans [Gr73] , [Gr83] , [Gr97] in connection with the Hilbert 14-th problem. In particular, it is
Equivariant automorphisms
Let G/H be a homogeneous space. By N G (H) denote the normalizer of H in G. The group Aut G (G/H) of G-equivariant automorphisms of G/H is isomorphic to N G (H)/H, where nH acts on G/H by nH * gH = gn −1 H, ∀n ∈ N, g ∈ G.
Recall that an affine embedding of a homogeneous space G/H is an affine G-variety X containing a point x ∈ X such that the orbit Gx is dense in X and the orbit morphism G → Gx, g → gx induces an isomorphism between G/H and Gx. In this situation we use the notation G/H ֒→ X. The embedding is said to be trivial if Gx = X.
2.1. Automorphisms. For an embedding G/H ֒→ X, the group Aut G (X) preserves the open orbit and may be considered as a (closed) subgroup of N G (H)/H. It is natural to ask which subgroups of N G (H)/H can be realized as Aut G (X), where X is as above. Let us list some results in this direction, assuming char k = 0:
(1) if G/H is a spherical homogeneous space, then Aut G (X) = N G (H)/H for any affine embedding G/H ֒→ X, see e.g. • for any non-trivial affine embedding G/H ֒→ X one has dim Aut G (X) < dim N G (H)/H; • N G (H)/H is a semisimple group. Indeed, let L 0 denote the connected component of unit in an algebraic group L. An affine embedding G/H ֒→ X such that dim Aut G (X) = dim N G (H)/H may be regarded as a Gequivariant embedding of G/ H, where G = G × (N G (H)/H) 0 and H = { (n, nH) | n ∈ N G (H), nH ∈ (N G (H)/H) 0 }. If N G (H)/H is not semisimple, then (N G (H)/H) 0 contains a central one-dimensional torus S, whence N G ( H)/ H ⊇ S = {e}×S. Let N ⊆ N G ( H) be the extension of S by H. Then there exists a non-trivial embedding G/ H ֒→ X = G × N A 1 , where the quotient torus S = N/ H acts on A 1 by homotheties. This proves the direct implication. The converse implication stems from Luna's theorem [Lu75] , since N G ( H)/ H is finite if N G (H)/H is semisimple. The main result of this section may be considered as a partial generalization of item (2).
Theorem 1. Let G/H ֒→ X be an affine embedding with a finite number of G-orbits and with a G-fixed point. Then the group Aut G (X)
0 is solvable.
We begin the proof with the following Lemma 1. Let X be an affine variety with an action of a connected semisimple group S. Suppose that there is a point x ∈ X and a oneparameter subgroup γ : k × → S such that lim t→0 δ(t)x exists in X for any subgroup δ conjugate to γ. Then x is a γ(k × )-fixed point.
Proof. Let T be a maximal torus in S containing γ(k × ). It is known (for example, see [PV89] ) that X can be realized as a closed S-stable subvariety in V for a suitable S-module V . Let x = x λ 1 + · · · + x λn be the weight decomposition (with respect to T ) of x with weights λ 1 , . . . , λ n . One-parameter subgroups of T form the lattice X * (T ) dual to the character lattice X(T ). The existence of lim t→0 γ(t)x in X means that all pairings γ, λ i are non-negative. Let γ 1 , . . . , γ m be all the translates of γ under the action of the Weyl group W = N S (T )/T . By assumption, γ j , λ i ≥ 0 for any i = 1, . . . , n, j = 1, . . . , m, hence γ 1 + · · · + γ m , λ i ≥ 0. Since γ 1 + · · · + γ m = 0, one has γ j , λ i = 0 for any i, j. This shows that the points x λ i (and
The following proposition is a generalization of [Gr83, Thm. 4 .3].
Proposition 1. Suppose that G/H ֒→ X is an affine embedding with a non-trivial G-equivariant action of a connected semisimple group S. Then the orbit S * x is closed in X, ∀x ∈ G/H.
Proof. We may assume x = eH. If S * x is not closed, then, by [Ke78, Thm. 1.4], there is a one-parameter subgroup γ : k × → S such that the limit lim t→0 γ(t) * x exists in X and does not belong to S * x. Replacing S by a finite cover, we may assume that S embeds in N G (H) (and thus in G) with a finite intersection with H. By the definition of * -action, one has γ(t) * x = γ(t −1 )x. For any s ∈ S the limit
exists. Hence lim t→0 sγ(t −1 )s −1 x exists, too. This shows that for any one-parameter subgroup δ of S, conjugate to −γ, lim t→0 δ(t)x exists in X. Lemma 1 implies that x = lim t→0 γ(t) * x, and this contradiction proves Proposition 1.
Proof of the theorem. Suppose that Aut G (X) 0 is not solvable. Then there is a connected semisimple group S acting on X G-equivariantly. By Proposition 1, any (S, * )-orbit in the open G-orbit of X is closed in X. In particular, the (S, * )-action on X is stable.
Let X 1 be the closure of a G-orbit in X. Since G has a finite number of orbits in X, the variety X 1 is (S, * )-stable. Applying the above arguments to X 1 , we show that any (S, * )-orbit in X is closed. But in this case all (S, * )-orbits have the same dimension dim S. On the other hand, a G-fixed point is an (S, * )-orbit, a contradiction.
Corollary 1 (of the proof). Let X be an affine G-variety with an open G-orbit. Suppose that
(1) a semisimple group S acts on X effectively and G-equivariantly; (2) the dimension of a closed G-orbit in X is less than dim S. Then the number of G-orbits in X is infinite. Remark 1. Condition (2) is essential. Indeed, let H be a one-dimensional unipotent root subgroup of G = SL(n). Then X = CE(G/H) ∼ = SL(n) × SL(2) A 2 , where SL(2) embeds in SL(n) as the standard 3-dimensional simple subgroup containing H, has two orbits, and S = SL(n − 2) ⊂ N G (H)/H. In many cases, Theorem 1 may be used to show that the group Aut G (X) cannot be very big. In the opposite direction, we would like to formulate a generalization of a conjecture stated in [AT01] . Conjecture. Let G/H ֒→ X be a non-trivial affine embedding. Then the group Aut G (X) has positive dimension.
2.2. Canonical embeddings. Now we are going to apply the obtained results to the study of the canonical embedding CE(G/P u ). Fix a pair T ⊂ B, where B is a Borel subgroup in G and T is a maximal torus. We shall consider a parabolic subgroup P ⊇ B.
Remark 2. The commutator subgroup G ′ ⊆ G is the maximal semisimple subgroup in G. It is easy to see that CE(G/P u ) = G× G ′ CE(G ′ /P u ) is the homogeneous fibration over G/G ′ with fiber CE(G ′ /P u ). Thus without loss of generality we may assume G to be semisimple.
Furthermore, CE(G/P u ) = CE( G/ P u )/ Z, where G → G = G/ Z is the simply connected covering, and P ⊆ G is the preimage of P . Passing to the quotient modulo a finite central subgroup preserves many features of CE(G/P u ) (for instance, the orbit dimensions, the modality of the G-action, normality, etc). Therefore we may assume in many questions that G is simply connected.
Then G = i G i , P = i P i , where G i are simple factors. It follows that CE(G/P u ) = i CE G i /(P i ) u , and we may assume G to be a simply connected simple algebraic group.
The following proposition gives a partial answer to a question posed in [Ar03] .
Proposition 2. The number of G-orbits in CE(G/P u ) is finite if and only if either
Proof. We may assume by Remark 2 that G is simple. If P = G, then P u = {e} and CE(G/P u ) = G. If P = B, then P u = U is a maximal unipotent subgroup of G, the variety CE(G/P u ) is spherical [Br97, 2.1], and any spherical variety contains a finite number of G-orbits [loc. cit.].
To prove the converse implication, let us fix some notation. Let L be the Levi subgroup of P containing T , Z the center of L, and S the maximal semisimple subgroup of L.
Proof of the lemma. It is possible to find a one-parameter subgroup γ : k × → Z, such that the pairing of γ with any non-zero dominant weight is positive (see e.g. Remark 3 below). The 1-torus γ(k × ), considered as a subgroup of Aut
The homogeneous subalgebra
by eigenspaces of the T -action from the right, which are called dual Weyl modules, so that deg E(λ) = γ, λ . It is known that E(λ) = 0 iff λ is dominant, and dim E(λ) = 1 ⇐⇒ λ = 0 (see e.g. Note that the group N G (P u )/P u is isomorphic to L. Hence if P = B, then S acts on CE(G/P u ) effectively and G-equivariantly. By Theorem 1, the number of G-orbits in CE(G/P u ) is infinite. Otherwise, G(M) contains a semisimple subgroup S, and the action of S on M by right multiplication is G(M)-equivariant. The zero element is a G(M)-fixed point, and we conclude by Theorem 1.
3. The canonical embedding of G/P u In this section we obtain a detailed description of CE(G/P u ), assuming char k = 0. Our basic idea is to consider G/P u as a homogeneous space under G × L, in the notation of the previous section. The action is defined by (g, h)xP u = gxh
More generally, we shall describe the structure of an arbitrary affine (G × L)-embedding of G/P u and deduce results concerning the canonical embedding as a particular case.
3.1. The coordinate algebra. One easily sees from the Bruhat decomposition that a Borel subgroup of G ×L has an open orbit in G/P u , i.e., G/P u is a spherical homogeneous (G×L)-space. Alternatively, one can deduce that G/P u is spherical from the multiplicity-free property for the isotypic decomposition of k[G/P u ], which we are going to describe.
Let 
The group G itself can be considered as a homogeneous space (G × G)/ diag G, where the left and right copies of G act by left and right translations, respectively. The (
is the linear span of the matrix elements of the representation G : V (λ). Now the isotypic decomposition of k[G/P u ] is provided by passing to P u -invariants from the right in the r.h.s. of the above decomposition.
the linear span of the matrix elements of the linear maps
Proof. In view of Proposition 4 and the above remark, it suffices to note that the space of matrix elements of linear maps
Pu (invariants under right translations).
Next we describe the multiplicative structure of
Proposition 6. There is a decomposition
where λ+µ−β i runs over the highest weights of all "lower" irreducible components in the
is spanned by the products of matrix elements of linear maps
, and each L-highest weight vector occurring in the l.h.s. is a G-highest weight vector at the same time, because it is fixed by P u . It generates a simple G-submodule
Therefore the above space of matrix elements for tensor products is spanned by all the k[G/P u ] (λ+µ−β) . 
is half the sum of positive coroots, or equivalently, the sum of fundamental coweights of a reductive group G.) Then γ, C ≥ 0, and the inequality is strict on C \ {0} if G is simple. (This is because C \ {0} is contained in the interior of the cone Q + Π dual toČ, for indecomposable root systems.)
Replacing γ by a multiple, we may assume that γ ∈ X * (T ) defines a one-parameter subgroup k × → Z. This 1-torus defines an invariant non-negative algebra grading of k[G/P u ] via the action by right translations of an argument, so that deg
Moreover, the γ-action defines a vector space grading of V (λ) and a G-module grading of k[G] such that V (λ)
Pu and k[G/P u ] (λ) are the homogeneous components of maximal degree. In fact, the weight polytope of V (λ)
Pu is the face of the weight polytope of V (λ), where the linear function γ, · reaches its maximal value.
It follows that
. The isotypic decomposition of the latter product space is a well-known particular case of Proposition 6. Taking the maximal degree means that we must choose only those direct summands with γ,
The respective simple L-modules are exactly those occurring in the decomposition of V (λ)
Pu ⊗V (µ) Pu . Thus the particular case of Proposition 6 implies the general one.
Remark 4. Since G/P u is a spherical homogeneous space under G × L, the powerful theory of spherical varieties [Br97] , [Kn91] can be applied to the study of its equivariant embeddings. For instance, it is easy to deduce from Proposition 6 that the valuation cone of G/P u equals −Č L , and the colors are identified with simple coroots of G. Now it follows from the general theory that normal affine (G × L)-embeddings G/P u ֒→ X are in bijection with convex polyhedral cones generated by Π and finitely many vectors from −Č L , (G × L)-orbits in X correspond to faces of such a cone with interiors intersecting −Č L , etc.
However, in this paper we prefer to give a more elementary treatment of affine embeddings of G/P u based on properties of their coordinate algebras and on explicit embeddings into ambient vector spaces. Our approach is similar to that of [Ti03] , [Ti03 ′ , 3.3-3.4] for projective group completions and reductive monoids.
, where S ⊆ X + is a finitely generated semigroup such that ZS = X(T ). Proposition 6 implies that all highest weights λ+µ−β
The variety X is normal iff
. But the latter algebra is just the semigroup algebra of S, which is integrally closed iff S = Σ + ∩ X(T ) is the semigroup of all lattice vectors in the polyhedral cone Σ + = Q + S. For example, for
iff S is L-generated by λ 1 , . . . , λ m in the sense of the following Definition 1. We say that λ 1 , . . . , λ m L-generate S if S consists of all highest weights
gives rise to an affine embedding
with weight semigroup S L-generated by λ 1 , . . . , λ m .
We sum up the above discussion in the following theorem:
Theorem 2. There is a bijection between affine (G × L)-equivariant embeddings X ←֓ G/P u and subsemigroups S ⊆ X + L-generated by finitely many weights λ 1 , . . . , λ m ∈ X + and such that ZS = X + . There is a natural equivariant embedding
Example 1. If G is semisimple simply connected, then there is a natural inclusion
where ω 1 , . . . , ω l are the fundamental weights of G.
3.3.
Relation to reductive monoids. One observes that the classification of affine embeddings of G/P u is given in the same terms as the classification of algebraic monoids with the group of invertibles
Here is a geometric explanation to this coincidence. The group L embeds in G/P u as the orbit of eP u . Let M be the closure of L in X. Under the embedding X ֒→ Hom(V Pu , V ), M embeds in End V Pu as an algebraic submonoid with the group of invertibles L.
, where S is the semigroup L-generated by λ 1 , . . . , λ m .
There is a natural birational proper map
where P acts on G by right translations and on M as above. But
. In other words, affine embeddings of G/P u correspond to algebraic monoids, whose group of invertible elements is L and the weight semigroup consists of G-dominant weights.
There is a bijective correspondence between the following sets: 
Example 2. Let G = GL(n) and P be the stabilizer of a d-subspace in k n . Then G/P u embeds in the variety of complexes 
is the stabilizer of this decomposition.
In the above notation, we may take
The weight semigroup S is freely generated by π 1 , . . . , π d , π * 1 , . . . , π * n−d , where π i is the highest weight of i k n and π * i is the dual highest weight. The (G × L)-orbits in X, as well as (L × L)-orbits in M, are determined by the numerical invariant (rk A 1 , rk A 2 ), and the inclusion of orbit closures corresponds to the product order on these pairs.
3.4. Orbits. Our aim is to describe the orbital decomposition of X ←֓ G/P u . Let us recall some basic notions and introduce some notation.
Definition 2. The generic modality of the action G : X of an algebraic group on an irreducible variety is the number
The modality of G : X is the maximal number of parameters which a continuous family of G-orbits in X depends on, i.e.,
where Y runs over all G-stable irreducible subvarieties of X. (Note that X has finitely many orbits iff mod G X = 0.)
. . , λ m }) be the convex cone generated by the weight polytope of
Pu be the sum of T -eigenspaces with eigenweights in Γ, and e Γ : V Pu → V Γ be the T -equivariant projector. For any subset Φ ⊆ Π, let L Φ denote the standard Levi subgroup with the system of simple roots Φ, L ′ Φ its commutator subgroup, P Φ the standard parabolic subgroup generated by L Φ and B, and P − Φ the opposite parabolic subgroup. If N ⊆ X(T ) ⊗ Q is a subspace such that there exists γ ∈Č, γ ⊥ N, γ ⊥ α, ∀α ∈ ∆ \ N, then Φ = Π ∩ N is the base of the root subsystem ∆ ∩ N, and we put L N = L Φ , etc. For any sublattice Λ ⊆ X(T ), denote by T Λ ⊆ T the diagonalizable group which is the common kernel of all characters λ ∈ Λ.
Suppose that Γ is a face of Σ whose interior intersects
The following theorem is a counterpart of the results of [Ti03, §9] . 
Therefore it suffices to describe the orbits for L × L : M. This description goes back to Putcha and Renner. In particular, one finds out that the projectors e Γ form a complete set of orbit representatives (cf. [Ti03, Thm. 8]). Let us give an outline of an elementary proof.
First observe that T intersects all (L × L)-orbits in M. (For k = C, the easiest way to see it is to close in M the Cartan decomposition L = KT K, where K ⊂ L is a maximal compact subgroup. For arbitrary k, one may consider the Iwahori decomposition of G k((t)) instead, see [Br97, 2.4, Exemple 2].) Next, it is easy to deduce from affine toric geometry that T -orbits in T are represented by e Γ over all faces Γ ⊆ Σ.
But one sees from the structure of (L×L) e Γ that (L×L)e Γ diag T is a union of T -orbits permuted by W L transitively. Indeed, if y = (g 1 , g 2 )e Γ is fixed by diag T , then one may assume that (g 1 , g 2 ) −1 (diag T )(g 1 , g 2 ) is contained in the maximal torus
Hence g 1 , g 2 ∈ N L (T ) represent two elements w 1 , w 2 ∈ W L acting on Γ equally, and y = w 2 e Γ w −1 2 . Thus (L × L)-orbits in M are represented by those e Γ corresponding to faces with interiors intersecting C.
The above reasoning also proves the assertion on inclusions of faces and orbit closures, since it is true for T -orbits in T . Now we compute the stabilizers. Let V
The condition (1) means that g ∈ P Γ . Indeed, for any α ∈ ∆ + \ Γ we have α, Γ ≥ 0, and the strict inequality is achieved. Hence (P Γ ) u fixes V Γ pointwise, whereas no element of P
On the other hand, it is easy to see that adding roots α ∈ Γ \ |Γ| moves the weights of V (λ i ) ∩ V Γ outside the weight polytope of V (λ i ), ∀i = 1, . . . , m. Hence the respective root vectors act on V Γ trivially, i.e., α ⊥ Γ. This means that ∆ ∩ Γ =
Thus after factoring out the kernels of the actions, we may assume
Γ with kernel T Γ Z , Γ Z being the weight lattice of V Γ . Hence (3) ⇐⇒ g ≡ h mod T Γ Z , and we are done. The formula for G e Γ stems from that for (G × L) e Γ immediately. Since the L-action on Y commutes with the G-action, it permutes the G-orbits transitively, and all of them are isomorphic and, in particular, have the same dimension. 
On the other hand, if no component of Π Y is contained in Π L , then it is easy to find a positive linear combination 
Example 3. Let G = SL(n) and P be the stabilizer of a hyperplane in k n . Then CE(G/P u ) = Mat(n, n − 1) with the G-action by left multiplication. Let α 1 , . . . , α n−1 be the simple roots of G. The group L ∼ = GL(n − 1) acts on Mat(n, n − 1) by right multiplication, Π L = {α 1 , . . . , α n−2 }.
The possible choices for We illustrate all the above results by another example of a canonical embedding:
Example 4. Let G = Sp(2l) and P be the stabilizer of a Lagrangian subspace k l ⊂ k 2l . A complementary Lagrangian subspace is canonically isomorphic to (k l ) * , the pairing with k l being given by the symplectic form. Then L = GL(l) is the stabilizer of the decomposition , l) be the set of all linear maps with isotropic image. Then X is an affine embedding of G/P u , so that eP u is mapped to the identity map
In the notation of 3.3, we have M = Mat(l), and
, is the multiplication map.
Let α 1 , . . . , α l be the simple roots and ω 1 , . . . , ω l the fundamental weights of G, in the standard order. Then Π L = {α 1 , . . . , α l−1 }, and ω i , considered as a dominant weight of L, is the highest weight of i k l , ∀i. It follows that S is generated by ω 1 , . . . , ω l , since S ∋ ω 1 . Therefore
The reasoning is similar to that of Example 3.
3.5. Smoothness. Now we classify those affine embeddings of G/P u which are smooth.
Example 5. Here are three basic examples of smooth embeddings X ←֓ G/P u :
(1) The embedding X = Mat(n, n − 1) of Example 3 is smooth.
(2) The embedding
Our next result shows that these are the only nontrivial examples of smooth affine embeddings. Let Γ 0 be the minimal face (i.e., maximal linear subspace) in Σ. Then γ, Γ 0 ∩ C ≥ 0 for γ as in Remark 3. As γ is fixed by W L , we obtain γ, Γ 0 ≥ 0 =⇒ γ ⊥ Γ 0 . It follows that Γ 0 is orthogonal to each component of Π not contained in Π L .
Therefore each component of Π is either contained in |Γ 0 | or orthogonal to Γ 0 . Since X is smooth, hence normal,
It may happen that Σ ∩ γ ⊥ = Γ 0 . However, the interior of the cone dual to Σ ∩ γ ⊥ contains a nonzero vector γ 0 ⊥ Π: otherwise this interior is separated from Π ⊥ by a linear function ·, λ for some
Replacing γ by a multiple of γ + γ 0 , γ 0 sufficiently small, we may assume that γ ∈ X * (Z) and γ, Σ \ Γ 0 > 0.
By Theorem 3, the face Γ 0 corresponds to the closed (G × L)-orbit Y 0 ∋ e Γ 0 . The γ-action by right translations of an argument yields an equivariant retraction
, and diag G 0 acts on X ⊥ trivially as a normal subgroup in the stabilizer of the open orbit. Thus X = G 0 × Z 0 X ⊥ , where X ⊥ ←֓ G ⊥ /P u is an embedding with a fixed point.
In the sequel, we may assume that
Since X is smooth and contracted to 0 by γ, it projects onto T 0 X isomorphically.
Let eP u → (e 1 , . . . , e p ) under this isomorphism. Then e i has the
It follows that the orbit of the highest weight vector is dense in V (λ i ), whence G i acts on
in the 2-nd case, and P i fixes the highest weight vector in the last two cases (so that V (λ i ) Pu = V (λ i ) and dim V (λ i ) Pu = 1, respectively). Two simple components of G never project to one and the same G i non-trivially (because their images must commute). However, there might exist a simple component of G projecting to several G i 's nontrivially. Let i = i 1 , . . . , i q be the respective indices, and G i 1 ,...,iq ,
, and the stabilizer of (e i 1 , . . . , e iq ) in G ′ i 1 ,...,iq ∩ L i 1 ,...,iq is trivial. In particular, we have an inequality
Pu which is strict whenever dim(L i 1 ,...,iq ) (e i 1 ,...,e iq ) > 0. This leaves the following possibilities:
n , P i k is the stabilizer of the hyperplane in k n given by vanishing of the last coordinate,
* (both cases occur), P i k is the stabilizer of the subspace in k n generated by the first d basic vectors, q + (
In all cases we have either q = 1 or, in the last two cases, q = n = 2, and the inequalities become equalities. But in the latter situation dim Z (G i 1 ,. ..,iq ) = q, and it is easy to see that dim(L i 1 ,...,iq ) (e i 1 ,...,e iq ) > 0, a contradiction.
Pu , V (λ i ) , with stabilizer P u . Now an easy dimension count shows that each triple (G i , P i , V (λ i )) belongs to case (1) or (2), and dim Z(G) is the number of occurrences of (1). Thus X = X 1 × · · · × X p , and each 3.6. Tangent spaces. Finally, we shall describe the tangent space T 0 CE(G/P u ) of CE(G/P u ) at the unique G-fixed point 0, assuming that G is simple and P = G (see Lemma 2). The G-module structure of this tangent space provides information on ambient G-modules for CE(G/P u ); namely T 0 CE(G/P u ) is the smallest one.
As k[CE(G/P u )] is non-negatively graded by a one-parameter subgroup γ ∈ X * (Z) so that k[CE(G/P u )] 0 = k (see Remark 3), the space T 0 CE(G/P u ) is dual to the linear span of a minimal system of homogeneous generators for k[CE(G/P u )]. Thus to describe T 0 CE(G/P u ) is the same thing as to find the minimal homogeneous generating subspace for k[CE(G/P u )], or to find the minimal L-generating set for X + . For simplicity, we assume that G is simply connected. Then X + is freely generated by the fundamental weights ω 1 , . . . , ω l , and it suffices to find out which ω i are L-generated by the other fundamental weights.
Let α 1 , . . . , α l be the simple roots of G, andα i ,ω i denote the simple coroots and the fundamental coweights, respectively.
Definition 3. The singularity of a Dynkin diagram is either the node of branching or the node representing the long root neighboring with a short one.
The Z-action by right translations of an argument defines an invariant algebra multi-grading of
∈ Π L yields a specialization of this multi-grading, so that deg k[G/P u ] (λ) = γ, λ , cf. Remark 3. (The degrees might be rational numbers, however, multiplying γ by a sufficiently large number yields an integer grading.) For brevity, we shall speak about the degree of λ w.r.t. γ. Putλ = λ| T ∩L ′ , ∀λ ∈ X + . Thenω i is a fundamental weight of the commutator group L ′ whenever α i ∈ Π L , or zero, otherwise. Note that 
Examples. Let G = E 8 and P be the projective stabilizer of a highest weight vector in V (ω 1 ), in the enumeration of [OV88, We have dim CE(G/P u ) = 191, but the minimal ambient G-module is
of dimension 248 · 1 + 30380 · 56 + 3875 · 133 + 147250 · 912 = 136508903. Now take G = F 4 and P the projective stabilizer of a highest weight vector in V (ω 1 ) again. Then L ′ = Spin(7), with the simple roots corresponding to the black nodes of the diagram: c s s s
×
We have dim CE(G/P u ) = 37, and the minimal ambient G-module
To obtain the tangent space, it suffices to remove summands corresponding to ω i which are L-generated by the others.
First observe that if
is not L-generated by the other fundamental weights. Indeed, specialize the multi-grading of
Secondly, ω i is L-generated by the other ω j 's iff it is L k -generated by the other ω j 's such that α j ∈ Π L k , where L k is one of the simple factors of L. Indeed, each dominant weight L-generated by ω j 's is the sum of dominant weights L k -generated by ω j such that α j ∈ Π L k , over all simple factors L k ⊆ L, and of a dominant weight generated by ω j such that α j / ∈ \Π L . However, specializing the multi-grading of k[G/P u ] to a non-negative grading such that k[G/P u ] 0 = k (Remark 3) shows that ω j 's do not L k -generate 0. The assertion follows, because ω i cannot be decomposed as a non-trivial sum of dominant weights. Thus we may assume that Π L is indecomposable.
In order to verify that certain ω j are L-generated by the others (as asserted in Theorem 5), we use the following formulae [OV88, Table 5 ]:
Here the fundamental weights of L are numbered according to [OV88, Table 1 ]. The respective relations between degrees are easily verified using the above description of degrees w.r.t. fundamental coweights. Note that it suffices to consider degrees w.r.t.
Let us enumerate the simple roots of G as at the picture:
We consider the degrees w.r.t.ω l . Using (1) and d i = id 1 , we verify that ω i are L-generated by ω 1 , 1 ≤ i ≤ l − 3. By (4) and
we see that ω l−1 is L-generated by ω 1 , ω l−2 . Finally, (3) and d l = 2d 1 implies that ω l is L-generated by ω 1 . It remains to prove that the remaining fundamental weights are not L-generated by the others. We shall use the following observation from the representation theory of SL(m):
1 ≤ i, j 1 , . . . , j n ≤ m (Hereω m = 0 and the otherω j are the fundamental weights of SL(m) in the standard order.) In the sequel, we shall frequently apply ( †) to L ′ = SL(m) in the following way: it often happens that the conclusion of ( †) implies d j 1 + · · · + d jn > d i , whence ω i is not L-generated by the other ω j 's.
First suppose that the Dynkin diagram of G has no branching. Fix any α m / ∈ Π L and consider the degrees of fundamental weights w.r.t.ω m on one of the segments of Π \ {α m }. From the above description of degrees, we easily see that d i < d j + d k unless α j , α k are further from α m than α i . Hence on this segment each ω i could be L-generated only by fundamental weights corresponding to roots on the other side from α i than α m . We immediately deduce that if Π L does not contain an extreme node of (the Dynkin diagram of) Π, then no fundamental weights are L-generated by the others. Now assume that α m is a short root and look at the degrees on the segment from an extreme node to α m containing the singularity. For Π = C l , F 4 , G 2 we have d i < d j + d k whenever α i is short, hence fundamental weights corresponding to short roots after the singularity up to ∂Π L are not L-generated by the others. The same assertion for the unique short root α l of Π = B l stems from ( †).
Next, suppose that the Dynkin diagram of G has the branching. We consider the degrees w.r.t.ω m such that α m corresponds to the extreme node of a ray of the Dynkin diagram. For convenience of the reader, let us indicate these degrees at the diagrams, where the black node corresponds to α m (the picture for α m on the long ray of E l is obtained from that for E 8 by cutting off 8 − l subsequent nodes on the long ray, starting with the extreme node):
( †) or the fact that a semispinor weight of D l−1 is not D l−1 -generated byω 1 . In all other cases we have
Now assume that the extreme nodes of at least two rays are not in Π L .
If one of these rays is long, then looking at the degrees w.r.t. the respectiveω m shows that, except for the weights on the 3-rd ray, which could be L-generated by the one at the extreme node, the only possibilities for L-generation are:
⊗2 . However these possibilities are excluded by considering the degrees w.r.t. the extreme node of the 2-nd ray.
Otherwise, consider the degrees w.r.t.ω m such that α m is at the extreme node of the short ray.
For
. . , j n ≤ l − 2 < i,
However, considering the degrees w.r.t. the extreme node of the 2-nd ray violates this equality, a contradiction.
For Π = E l , the only possibilities for L-generation are: l = 6, d 4 = d 6 = 2d 1 , and V L (ω 4 ) or V L (ω 6 ) is contained in V L (ω 1 )
We conclude that no fundamental weights on a segment between two nodes of the Dynkin diagram not contained in Π L are L-generated by the others, except possibly the one at the singularity provided that one of the rays is contained in Π L . This completes the proof.
Remark 5. Our results immediately extend to the case, where G is semisimple simply connected, see Remark 2. The general case looks more complicated, because the structure of X + is more involved. It would be interesting to solve the problem in full generality.
